Calculating the mean physical stock in a simple periodic review inventory system seems to be straightforward.
Introduction
In this note we consider a periodic review, order-up-to (R, S) inventory system. The analysis of this system is a traditional problem that has been addressed in many standard textbooks, such as Hadley and Whitin [1] and Silver and Peterson [5] . The emphasis is usually on the determination of the control parameter S such that total costs are minimised or some target service level, such as the fill rate or the stockout probability, is attained. The mean physical stock is generally calculated by a simple approximation, such as the average of the inventory at the start and at the end of a replenishment cycle (= the period between the arrival of two consecutive I Address: Faculty of Technology and Management, P.O. Box 217,7500 AE Enschede, The Netherlands (e-mail: m.c.vanderheijden@sms.utwente.nl) replenishment orders). However, such a simple method can be very inaccurate, as has also been recognised by Nahmias and Smith [4] . This is in particular true for low service levels, whereas it has been shown that cost optimal control policies in multi-echelon systems often imply low service levels at intermediate nodes. Still these simple methods are frequently used to analyse various single stockpoint and multi-echelon inventory (R, S) systems.
Next to the simple approximations, exact methods to calculate the mean physical stock have been derived as well. However, these methods are available for specific cases only, such as:
• Poisson demand and constant lead times (Hadley and Whitin [1] )
• Negative binomial demand and zero lead time (Nahmias and Smith [4] )
• Compound Poisson demand with Gamma distributed demand per customer and random lead times (Van der
Heijden and De Kok [2])
The latter method seems widely applicable at first sight, but it requires a numerical procedure to calculate an infinite sum with incomplete Gamma functions. Hence this method is computationally not very efficient and therefore less useful in practice. However, the method is perfectly fit for benchmarking purposes.
In this note we shall focus on improved simple approximations for the mean physical stock in an (R, S) inventory system. First we shall introduce some basic notation and assumptions (section 2). In section 3 we describe various (approximate) methods to calculate the mean physical stock. Numerical results are presented in section 4. Finally we give our conclusions (section 5).
Basic notation and assumptions
We shall use the follow basic notation in the sequel: With respect to the random lead times, we make the common assumption, satisfied in almost all practical situations, that consecutive replenishment orders do not pass in time. Further we assume that the order-up-to level S has already been determined using one of the standard methods (cf. Silver and Peterson [5] ). We focus on the determination of the mean physical stock, given S.
Calculation methods

Exact
The following exact expression for the mean physical stock can be derived, given the assumptions from the previous section (cf. Van der Heijden and De Kok [2] ): 
replenishment cycle. The terms 'l'1 = El{D(t) -SY Jcan be calculated using a two-moment approximation of D(L+R) and D(L) respectively by a mixture of Erlang distributions, see Van der Heijden et al. [3] for details.
To obtain other simple, approximate methods, we observe the following:
1. From (4) we see that it is relatively easy to calculate the expected physical stock at any single time t within a replenishment cycle.
2. It is generally not easy to calculate the mean physical stock over the entire replenishment cycle, in fact being the integral of'l'l over the values of t within a replenishment cycle.
3. The linear approximation (3) can be seen as a simple numerical integration of'l't using the trapezoidal rule.
The trapezoidal rule belongs to the class of Newton-Cotes formulas for numerical integration (cf. Stoer and
For the trapezoidal rule we have that n=2 with weights U\=U2=1. This suggests a simple way to improve the approximation, namely using a higher order Newton-Cotes formula. In particular, for n=3 we obtain Simpson s rule:
and for n=4 we have the so-called 318-rule:
We expect to improve the approximation accuracy in this simple way. In the next section, we shall examine the approximations (2), (3), (6) and (7) by comparison to exact results for compound Poisson demand according to (1) .
Computational results
To compare the simple approximations to exact results, we use the following data set. The review period R equals I for all cases (normalisation of time) and the mean demand per period equals Ilo = 100 for all cases (normalisation of quantity). The other parameters are varied as follows:
• the coefficient of variation of the period demand equals Co = 0.25, 0.50, 0.75 or 1.0, where the coefficient of variation is defined as the ratio of the standard deviation to the mean (so Co = aolllo)
• the mean replenishment order lead time equals ilL = 0.2, 0.5, 1,2 or 5.
• the coefficient of variation of the lead time equals CL = 0 (deterministic), 0.25 (uniform distribution) or 0.5 (Erlang-2 distribution).
• the target fill rate equals~=0.60, 0.70, 0.80, 0.900.95 or 0.99.
So totally 4*5*3*6 = 360 cases were tested. In each case, we first determined the order-up-to level S such, that the target fill rate is approximately attained by solving numerically the equation
Note that we correct for the expected shortage at the start of a replenishment cycle, in contrast to the standard expression in Silver and Peterson [5] . This is necessary to avoid overestimation of the order-up-to level S if the target fill rate is low. Table 2 . Maximum percentage deviation of approximate stock levels
The numerical results are shown in the Tables 1 and 2 , sorted by the target fill rate, because this is the main discriminating factor in the approximation accuracy. 
may deviate 6% from the true value (see Table 2 ).
It appears that the Silver and Peterson expression (2) generally underestimates the mean physical stock. This can be explained by the fact that shortages are assumed to be negligible by Silver and Peterson, which is clearly true for high fill rates only. On the other hand, the linear approximation (3) generally overestimates the mean physical stock. The reason for this is the fact that the inventory process between replenishments shows a concave behaviour. This concavity gets stronger as the variability in demand increases and as the fill rate decreases.
The approximations using Simpson's rule (6) and the 3/8-rule (7) are clearly better. Both approximations do not structurally under-or overestimate the mean physical stock. Because the difference between the two methods is only small, we recommend approximating the mean physical stock using Simpson's rule. So the message is clear: Add only one supporting point halfway the replenishment cycle, and the major problems in approximation accuracy are solved. Such an approach can also be used to estimate mean stock levels in multiechelon systems with periodic review.
Remark
These results are based on mixed Erlang approximations of the distribution of D(t), although a common approach is to use Normal approximations. However, such an approximation is somewhat less accurate because it does not prohibit negative lead time demand. Numerical experiments show that the Normal approximation causes an increase in the mean percentage deviation from 0.18% to 1.44%. for Simpson's rule. Also,'the maximum percentage deviation increases from 3.4% to 4.0%.
Conclusions
In this note we showed that traditional methods to approximate the mean physical stock in simple periodic review inventory systems yield inaccurate results for low service levels. This can easily be corrected by including an estimate for the expected physical stock halfway the replenishment cycle. Applying Simpson's rule for numerical integration (see equation (6)), the approximation accuracy improves drastically. Further improvement does not seem to be sensible. Extension of this approach to the estimation of stock levels in multiechelon (R, S) inventory systems is straightforward. Probably a similar simple approximate method can be applied to continuous review inventory systems as well.
In this appendix we give the results on the sensitivity of the mean physical stock to the choice of the arrival rate Aof the compound Poisson process. 
